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The morphological evolution of an axi-symmetrical surface coating subjected to a uniform residual stress and a longi-
tudinal surface-perturbation was analyzed when surface diﬀusion is the dominant mechanism for atomic migration. The
surface stability of the surface coating was controlled by the gradient of chemical potential associated with surface energy
and the elastic energy introduced by the residual stress and surface-perturbation. An explicit formula of the dispersion rela-
tion was obtained for determining the evolution of the surface-perturbation and critical frequency. The stability of several
special geometries was discussed. It was observed that the critical frequency is a linear function of the ﬁlm thickness for
thin ﬁlm coatings.
 2006 Elsevier Ltd. All rights reserved.
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It is well known that a thin ﬁlm deposited on a substrate may develop and form small islands over time. The
morphological change of solids has been widely studied in last several decades. A number of physical mech-
anisms, such as lattice diﬀusion, surface diﬀusion and grain boundary diﬀusion have been used to evaluate the
growth behavior. The morphological stability of the lateral surface of a long cylindrical rod and cavity in an
inﬁnite medium with isotropic surface energy was ﬁrst studied by Nichols and Mullins (1965). They found that
the lateral surface becomes unstable when the frequency of longitudinal surface-perturbations smaller than the
critical frequency determined by the circumference of the structure. Since then, a number of works have
focused on morphological stability of various structures. Choy et al. (1995) performed the analysis of nonlin-
ear stability in the study of surface evolution of a long cylindrical rod. Yang analyzed the instability of circular
interface between two solids (Yang, 2003), the morphological instability of a surface coating (Yang, 2004) and0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.02.008
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by Nichols and Mullins (1965), the morphological instability of planar surfaces has been studied by several
groups. Srolovitz and Safran (1986) and Srolovitz and Thompson (1986) studied the capillary and beading
instabilities in thin ﬁlms. McCallum et al. (1996) analyzed instabilities of solid lines.
The eﬀect of mechanical stresses on surface evolution of solids has been studied for various problems. Asaro
and Tiller (1972) investigated the surface evolution of a two-dimensional semi-inﬁnite elastic space subjected to
a non-hydrostatic stress. Grinfel’d (1986) discussed the instability of the interface between a non-hydrostati-
cally stressed elastic body and a melt. Spencer et al. (1991, 1993) investigated the stability of the vapor–ﬁlm
interface and focused particularly upon the role of misﬁt strain in inducing interfacial instability. Lu et al.
(2004) discussed the eﬀect of the substrate thickness on interfacial stability in an epitaxially strained ﬁlm depos-
ited on a substrate. Nozieres (1993) discussed the amplitude expansion of surface ﬂuctuations in a uniaxial-
stressed solid surface. Yang and Srolovitz (1993) studied the nonlinear evolution of the stress-driven surface
instability of a two-dimensional solid. Chiu and Gao (1993) studied the evolution of cycloid-type surfaces
by obtaining an analytical solution of the stress ﬁeld for a stressed elastic half space. Panat et al. (2005) con-
sidered the growth of surface undulations controlled by surface diﬀusion and lattice diﬀusion in a stressed solid.
Spencer andMeiron (1994) analyzed nonlinear evolution of the stress-driven surface instability of a two-dimen-
sional solid. Considering the eﬀect of mechanical stresses on morphological instability of cylindrical surfaces,
Colin et al. (1997a,b) revisited the Nichols and Mullins work by introducing the eﬀect of uniaxial tensile stress.
Kirill et al. (1999) analyzed asymmetric surface evolution of a long cylinder. Assuming that lattice diﬀusion is
the dominant transport mechanism, Colin (2004) analyzed the morphological instabilities of stressed axi-sym-
metrical structures embedded in a matrix. Yang (2006) studied the stress-induced surface instability of an elastic
layer. Recently, Yang and Song (2005a,b) analyzed the eﬀect of electromechanical interaction on the stability of
a planar surface. However, there is little study on the stress-driven surface growth of stressed cylindrical surface
coatings, which likely determines the performance of surface coatings over cylindrical substrates.
The objective of this work is to investigate the morphological stability of a cylindrical surface coating over a
rigid substrate subjected to a uniform residual stress along the longitudinal direction. In the analysis, a small
sinusoidal ﬂuctuation is introduced along the free-surface of the surface coating and the linear perturbation
analysis is used. The evolution of the surface is controlled by the gradient of chemical potential associated with
surface energy and the elastic strain energy created by the surface-perturbation and residual stress. Surface
diﬀusion is considered as the dominant mass transport mechanism in controlling quasi-equilibrium surface
of the surface coating. The time evolution equation of the surface is derived to the ﬁrst-order in the pertur-
bation amplitude.
2. Problem formulation
Consider a cylindrical surface coating over a rigid substrate with its central axis along the z direction in a
cylindrical coordinate system (r,h,z). The system consists of two phases, solid and vapor. As shown in Fig. 1,
the surface coating subjected to a constant, uniform axial-residual stress on the interface is conﬁned in the
region r1 < r < r2, while the vapor lies in r > r2. A constant vapor pressure is maintained in the vapor phase.r1
r
z
r2
Rigid substrate 0
Fig. 1. Surface-perturbation in a cylindrical surface layer coated on a rigid substrate.
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energy and elastic strain energy as (Asaro and Tiller, 1972),l ¼ Xcjþ X
2
rijeij ð1Þwhere X is the atomic volume of the material, rij and eij (i, j = 1,2,3) are the components of the stress tensor r
$
and the strain tensor e
$
respectively, c is the surface energy of the solid surface, j ¼ r ~n is the mean curvature
of the surface (~n is the unit vector normal to the surface), and the repetition of an index denotes a summation
over its range. The second term on the right side represents the strain energy per atomic volume on the solid
surface. The stress and strain tensors can be determined from the deformation ﬁeld, which has been analyzed
in detail and given in Appendix A.
Assume that surface diﬀusion is the dominant mechanism controlling atomic motion. Following Mullins’s
approach (Nichols and Mullins, 1965), one can obtain the normal component of the surface velocity, Vn, as,V n ¼~n  o~xot ¼ br
2
s
1
2c
rijeij  j
 
ð2Þwhere ~x is the position vector and r2s is the surface Laplacian operator. The parameter b is deﬁned as
b ¼ DscX2c0~d=kBT , in which Ds is the surface diﬀusivity, c0 is the number of atoms per unite area on a planar
surface, kB is the Boltzmann constant, T is the absolute temperature, and ~d is the thickness of the surface layer.
Diﬀering from Mullins’s theory, the change of elastic strain energy becomes one of important factors respon-
sible for the growth of solid surfaces.
3. Dispersion relation
Using Eq. (2) and the deformation ﬁeld obtained in the Appendix A, one can write the normal component
of the surface growth rate asV n ¼ dr
dt
 
r¼r2
¼ br2 1
2c
sijeij  j
 
¼ br2 1
2c
ðsð0Þrr eð1Þrr þ sð0Þhh eð1Þhh þ sð0Þzz eð1Þzz Þ  j
 
ð3Þwhere the superscript (0) represents the reference stress state in the surface coating without being subjected to
surface-perturbations, the superscript (1) is the ﬁrst-order approximation of the stress state in the surface coat-
ing when subjected to surface-perturbations, eð1Þrr ¼ ouð1Þr =or, eð1Þhh ¼ uð1Þr =r and eð1Þzz ¼ ouð1Þz =oz (uð1Þr and uð1Þz are the
components of the displacement ﬁeld ~uð1Þ in the r and z directions respectively, which are given in Appendix
A). Consider a sinusoidal perturbation Dr = daeixz with jdaj  r0 over the surface of the surface coating. Here,
d is the amplitude of the initial perturbation, a is the relative amplitude of the perturbation with a = 1 at t = 0,
and X is the spatial frequency. Thus, the dispersion equation describing the evolution of the surface-pertur-
bation can be expressed asda
dt
¼ bx2 1
r20
 x2
 
a b
c
x2 rð0Þhh
Uðr0Þ
r0
þ rð0Þzz ixW ðr0Þ
 
ð4Þin which,Uðr0Þ ¼ r
ð0Þ
zz a
2lD
fx2ðr21 þ r20Þ þ x3r20r1f½I20ðxr0Þ  I21ðxr0ÞD32  ½I0ðxr0ÞK0ðxr0Þ þ I1ðxr0ÞK1ðxr0Þ
 ðD31  D42Þ  ½K20ðxr0Þ  K21ðxr0ÞD41g  2ð1 mÞx2r0r1½I0ðxr0ÞI1ðxr0ÞD32  I1ðxr0ÞK0ðxr0ÞD31
 I0ðxr0ÞK1ðxr0ÞD42 þ K0ðxr0ÞK1ðxr0ÞD41g ð5Þ
W ðr0Þ ¼ ixr
ð0Þ
zz a
2lD
 r
2
1
r0
 ð3 2mÞr0 þ 2ð1 mÞxr0r1½I0ðxr0ÞK0ðxr0ÞðD31  D42Þ  I20ðxr0ÞD32

þ K20ðxr0ÞD41 þ xr0r1f½I20ðxr0Þ  I21ðxr0ÞD32 þ ½K20ðxr2Þ  K21ðxr2ÞD41 þ ½I0ðxr0ÞK0ðxr0Þ
þ I1ðxr0ÞK1ðxr0ÞðD31  D42Þg þ 4ð1 mÞr1½I0ðxr0ÞI1ðxr0ÞD32  I1ðxr0ÞK0ðxr0ÞD31
I0ðxr0ÞK1ðxr0ÞD42 þ K0ðxr0ÞK1ðxr0ÞD41

ð6Þ
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ð0Þ
zz are the components of the stress tensor r
$ð0Þ in the reference stress state and given in Appen-
dix A as a function of the strain (e0) on the interface, r0 is the outer radius of the surface coating at equilibrium
state without any perturbation, l and m are the shear modulus and Poisson’s ratio of the material respectively,
Dij (i = 3, 4 and j = 1, 2) are constants given in Appendix A, I0(xr) and K0(xr) are the ﬁrst and second mod-
iﬁed Bessel functions of order zero respectively, and I1(xr) and K1(xr) are the ﬁrst and second modiﬁed Bessel
functions of order one respectively. Simplifying Eq. (4), one obtains,d ln a
dt
¼ DsX
2c0~d
kBT
f ðx; r0; r1Þ
 bx2 1
r20
 x2
 
 b
c
rð0Þzz
2lD
x2 x2
r21
r0
ðrð0Þhh  rð0Þzz Þ þ x2r0ðrð0Þhh  rð0Þzz Þ

2ð1 mÞx2r0rð0Þzz þ c11x3r0r1  2ð1 mÞx2r1c12 þ 2ð1 mÞx3r0r1c13

ð7Þwhere c1i (i = 1,2,3) are constants, which are given in Appendix B. The growth of the surface-perturbation
depends on the interaction between the surface energy and the elastic energy due to the residual stress and
surface-perturbation. If there is no residual stress on the interface ðrð0Þzz ¼ 0Þ, Eq. (7) reduces to the well-known
equation (Nichols and Mullins, 1965),d ln a
dt
¼ bx2 1
r20
 x2
 
ð8Þwhich gives the critical frequency for zero growth rate of the surface-perturbation and the spatial frequency
with maximum growth rate asxcr ¼ 1=r0 ð9Þ
xmax ¼ 1=
ﬃﬃﬃ
2
p
r0 ð10Þ4. Special cases
In the following, we limit our analysis to several special cases.
4.1. Elastic rods (r1! 0)
For an elastic rod, let the inner radius of the surface coating shrink to zero. Eqs. (A58) and (A59) in Appen-
dix A are the solutions ofU(r0) andW(r0) for elastic rods. Using Eqs. (A61) and (A62) for xr0 1, one obtainsd ln a
dt
¼ b
r20
þ b
c
ðrð0Þzz Þ2
ð1þ mÞlr0
" #
x2 þOðx4Þ ð11Þwhich is the same as that given by Kirill et al. (1999), if the following parameters are used,t0 ¼ r
4
0
b
t; r00 ¼ rð0Þzz =E; x ¼ x0=r0; b ¼
r0Er020
2cThe elastic rod is unstable. Small surface-perturbation will lead to the breakage of the elastic rod.
For xr0 1, one can use Eqs. (A63) and (A64) to simplify the dispersion equation asd ln a
dt
¼ bx4 þ bx
2
r20
þ b
c
x2
ðrð0Þzz Þ2ð1 mÞx
l
" #
¼ bx3 x ðr
ð0Þ
zz Þ2ð1 mÞ
cl
" #
þ bx
2
r20
ð12Þwhich gives the critical frequency for the occurrence of the surface instability asxcr ¼ ðr
ð0Þ
zz Þ2ð1 mÞ
2lc
þ 1
2
ðrð0Þzz Þ2ð1 mÞ
lc
" #2
þ 4
r20
8<:
9=;
1=2
ð13Þ
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ð0Þ
zz Þ2ð1 mÞ
8lc
þ 1
2
3ðrð0Þzz Þ2ð1 mÞ
4lc
" #2
þ 2
r20
8<:
9=;
1=2
ð14ÞObviously, Eq. (13) reduces to Eq. (9) when rð0Þzz ¼ 0. For the planar case, r0!1, Eq. (12) gives the critical
frequency asxcr ¼ ðr
ð0Þ
zz Þ2ð1 mÞ
lc
ð15Þand the critical wavenumber askcr ¼ 2pxcr ¼
2plc
ðrð0Þzz Þ2ð1 mÞ
ð16Þwhich corresponds to the growth behavior of a semi-inﬁnite elastic solid subjected to uniaxial tensile stress.
The critical frequency is proportional to the square of the tensile stress.
4.2. Elastic thin ﬁlms (h0 = jr0  r1j  r1 and r1 ﬁxed)
For an elastic thin ﬁlm, there is r0 = r1 + h0. Letting xh0! 0 and using Eq. (A69), one obtains the disper-
sion equation asd ln a
dt
¼ bx2 x2  1
r21
þ 2h0
r31
 
þ bðr
ð0Þ
zz Þ2
lc
x4h0 ð17ÞThe critical frequency for the occurrence of the surface instability isxcr ¼ 1r1 1þ
ðrð0Þzz Þ2h0
2lc
 !
 h0
r21
¼ 1
r1
1þ 2le
2
0h0
ð1 mÞ2c
 !
 h0
r21
ð18ÞBy taking the derivative of Eq. (17) with respective to x and letting the derivative be zero, the spatial fre-
quency corresponding to the maximum growth rate can be obtained asxmax ¼
ﬃﬃﬃ
2
p
2
xcr ¼
ﬃﬃﬃ
2
p
2
1
r1
1þ 2le
2
0h0
ð1 mÞ2c
 !
 h0
r21
" #
ð19ÞBoth frequencies are a linear function of the thickness of the surface coating.
4.3. Planar layers (r1!1)
For an elastic planar layer, one has r1!1 and h0 = r0  r1. This is similar to the case studied by Spencer
et al. (1993), in which they considered the uniaxial plane strain state. Using Eqs. (A71) and (A72), one can
simplify the dispersion equation asd ln a
dt
¼ bx4 þ b
c
x3
ðrð0Þzz Þ2
2l
½2ð1 mÞxh0 þ ð1 mÞð3 4mÞ sinhð2xh0Þ
4ð1 mÞ2 þ ðxh0Þ2 þ ð3 4mÞsinh2ðxh0Þ
ð20ÞEq. (20) is the same as that given by Spencer et al. (1993) if rð0Þzz is replaced by 2le0(1 + m)/(1  m).
4.4. Elastic half space (r0!1)
For an elastic half space, the dispersion equation becomesd ln a
dt
¼ bx4 þ b
c
x2
ðrð0Þzz Þ2ð1 mÞx
l
" #
¼ bx3 x ðr
ð0Þ
zz Þ2ð1 mÞ
cl
" #
ð21Þ
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ð0Þ
zz Þ2ð1 mÞ
lc
ð22Þ
xmax ¼ 3ð1 mÞðr
ð0Þ
zz Þ2
4lc
ð23ÞBoth frequencies are proportional to the square of the tensile stress.
5. Numerical calculation and discussion
In the previous section, four special cases of the surface evolution have been discussed. To obtain more gen-
eral results, numerical calculation is used to understand the eﬀects of the elastic parameter 2le20r1=c (note:
rð0Þzz ¼ 2e0l½ð1 mÞr21 þ ð1þ mÞr20=½ð1 2mÞr21 þ r20 as given in Eq. (A22)) and the initial thickness h0 of the sur-
face coating on the growth behavior. In the calculation, we use m = 1/3 and r1 = 1.0 arbitrary unit.
Fig. 2 shows the dependence of the growth rate on the spatial frequency for diﬀerent elastic parameters of
2le20r1=c. There are several features related to the evolution of the surface-perturbation; (a) a critical frequency
xcr at which the growth rate is zero – any surface-perturbation with x < xcr will lead to the surface instability,
(b) a frequency xmax at which the growth rate is maximum, and (c) both xmax and xcr increase with the
increase of the elastic parameter. Thus the elastic parameter has destabilizing eﬀect on the surface evolution
introduced by surface-perturbations with x < xcr.
The dependence of the growth rate on the spatial frequency for diﬀerent thicknesses of the surface coating,
h0, is shown in Fig. 3. Diﬀering from the surface growth of a cylindrical elastic layer deposited on a rigid sub-
strate with frictionless contact condition (Song et al., 2005), both xmax and xcr monotonically increase with
the thickness of the surface coating. For the same spatial frequency, surface-perturbations can easily lead to
morphological instability in surface coatings with smaller thickness due to the size eﬀect on the travel distance
of atomic migration from the free-surface to the interface. Less distance is required for atoms to migrate from
the free-surface to the interface for ﬁlms of smaller thicknesses.
The eﬀect of the elastic parameter, 2le20r1=c, on both the critical frequency xcr and the spatial frequency at
the maximum growth rate, xmax, is depicted in Fig. 4. Both frequencies increase with the increase of the elastic
parameter, and becomes a linear function of 2le20r1=c for 2le
2
0r1=c 1. When 2le20r1=c 1 and xmax 1, the
dispersion relation of Eq. (7) becomesd ln a
dt
¼ bx3 x ðr
0
zzÞ2ð1 mÞ
cl
 !
ð24Þ0
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Fig. 2. Dependence of the perturbation growth rate on the spatial frequency for diﬀerent values of the elastic parameter.
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ð0Þ
zz Þ2ð1 mÞ
lc
ð25Þ
xmax ¼ 3ð1 mÞðr
ð0Þ
zz Þ2
4lc
ð26Þthe same as that for an elastic half space. Both frequencies are proportional to the square of the stress, and
there is no size eﬀect as expected. For comparison, the results of Eqs. (25) and (26) are also depicted in
Fig. 4. For 2le20r1=c > 6, Eqs. (25) and (26) can be used to describe the dependence of the spatial frequency
at the maximum growth rate and the critical frequency on the tensile stress. When 2le20r1=c ¼ 0, the result re-
duces to Eqs. (9) and (10) as expected.
The dependence of the maximum growth rate on the elastic parameter is shown in Fig. 5. As expected, the
maximum growth rate increases with the increase of the elastic parameter. Larger residual stress will easily
cause the growth of surface-perturbations and lead to the formation of ‘‘strained-bead’’ over the substrate.
The eﬀect of the coating thickness h0 on the critical frequency and the frequency at maximum growth rate
are depicted in Fig. 6. Both xmax and xcr increase with the increase of the coating thickness. From Fig. 6, the-10
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h0/r1 < 0.1. As the thickness of the surface coating increases, the critical frequency increases and reaches a con-
stant value given by Eq. (22) corresponding to the critical frequency for the surface evolution of an elastic half
space. The eﬀect of the coating thickness is negligible.
Fig. 7 shows the dependence of the maximum growth rate on the thickness of the surface coating. Consis-
tent with Fig. 3, the growth rate increase with the increase of the coating thickness.
It should be pointed out that the methodology developed can be extended to the analysis of an elastic layer
deposited on a compliant substrate. Then the stability of the free-surface depends on the Young’s modulus
ratio of substrate to elastic layer and the ratio of the thickness of elastic layer to the radius of substrate.
Assume that the substrate has the same material properties as the elastic layer, which corresponds to the spe-
cial case of an elastic rod. The free-surface is unstable for surface-perturbations with long wavenumbers, while
the critical frequency is determined by Eq. (12) for perturbations having short wavenumbers. Comparing Eqs.
(12)–(18) for h0 r1, the critical frequency for the elastic rod is larger that the thin ﬁlm. Thus, it is expected
that the system with an elastic layer deposited a softer substrate might have higher critical frequency than the
results given in Fig. 6.0
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The surface evolution of a surface coating over a rigid cylindrical substrate subjected to a uniform axial-
residual stress on the interface and a sinusoidal lateral surface-perturbation was analyzed by using the linear
perturbation theory. In the analysis, surface diﬀusion driven by the gradient of chemical potential associated
with elastic energy and surface energy was assumed to be the atomic transport mechanism controlling the sur-
face evolution. It was found that the residual stress has a signiﬁcant destabilizing inﬂuence on the surface evo-
lution, while higher surface energy will help control and stabilize the evolution of the solid surface. The growth
rate of the surface-perturbation increases with increasing ﬁlm thickness. An explicit formula of the dispersion
relation was obtained, which determines the critical frequency and the frequency at the maximum growth rate
for the growth of the surface-perturbation. The critical frequency is independent of the coating thickness for
thick coatings, while it is a linear function of the coating thickness for thin coatings.Acknowledgement
This research is supported by NSF through a grant CMS-0508989 monitored by Dr. Yip-Wah Chung.Appendix A
As shown in Fig. 1, consider a cylindrical surface coating over a rigid substrate with its central axis along
the z direction in a cylindrical coordinate system (r,h,z). The surface coating is subjected to a constant, uni-
form axial-residual stress on the interface. The elastic deformation of the surface coating is described by
Navier’s equation (Timoshenko and Goodier, 1970)r2~uþ 1
1 2mrðr ~uÞ ¼ 0 ðA1Þwhere~u is the displacement vector and m is Poisson’s ratio. The relations between the components ui (i = 1,2,3)
of the displacement vector and the components eij (i, j = 1,2,3) of the strain tensor e
$
areeij ¼ 1
2
oui
oxj
þ ouj
oxi
 
ðA2ÞThe constitutive relation describing the elastic deformation of the surface coating isrij ¼ 2leij þ kekkdij ðA3Þ
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$
, l and k are the Lame´ constants, and the rep-
etition of an index denotes a summation over its range.
The boundary condition of displacement at the interface between the surface coating and the rigid substrate
isur ¼ 0 at r ¼ r1 ðA4Þ
where ur is the component of the displacement vector,~u, in the r direction. Eq. (A4) indicates that there is no
presence of decohesion or overlap at the interface.
Assume that there exists a uniform residual stress along the axial-direction on the interface. Such resid-
ual stress creates a uniform strain along the longitudinal direction of the surface coating on the interface.
One hasouz=oz ¼ e0 at r ¼ r1 ðA5Þ
where uz is the component of the displacement vector,~u, in the z direction, and e0 is the strain on the interface
introduced by the axial-residual stress. The traction free condition on the free-surface givesr
$ ~n ¼ 0 at r ¼ r2 ðA6Þwhere~n is the unit vector normal to the free-surface. The eﬀect of surface energy on the development of elastic
stresses in the surface coating is not considered in Eq. (A6), which is included in the analysis of chemical
potential.
To obtain closed-form solutions of ~u, let us introduce the Papkovich–Neuber potentials eW! and ~/
(Timoshenko and Goodier, 1970). The relation between the Papkovich–Neuber potentials and the displace-
ment vector is~u ¼ 4ð1 mÞ eW!rð~x  eW!þ ~/Þ ðA7Þ
where~x ¼ r~r þ z~z for axi-symmetrical problems, and the potentials eW! and ~/ satisfy Laplace’s equation:r2 eW!¼ 0 ðA8Þ
r2~/ ¼ 0 ðA9ÞConsidering the axi-symmetric feature of the geometry and boundary conditions, one can simplify Eqs. (A8)
and (A9) aso2~/
or2
þ 1
r
o~/
or
þ o
2~/
oz2
¼ 0 ðA10Þ
o2~wr
or2
þ 1
r
o~wr
or
 1
r2
 o
2
oz2
 
~wr ¼ 0 ðA11Þ
o2~wz
or2
þ 1
r
o~wz
or
þ o
2~wz
oz2
¼ 0 ðA12Þwhere eW!¼ ~Wr~r þ ~Wz~z. For eW!¼ ð~wrðrÞ; 0; ~wzðrÞÞTeixz and ~/ ¼ ~/ðrÞeixz, one obtain the general solutions of ~/,
~wr and ~wz as~/ðrÞ ¼ ~c1I0ðxrÞ þ ~c2K0ðxrÞ ðA13Þ
~wrðrÞ ¼ ~c3I1ðxrÞ þ ~c4K1ðxrÞ ðA14Þ
~wzðrÞ ¼ ~c5I1ðxrÞ þ ~c6K1ðxrÞ ðA15Þwhere ~ci (i = 1–6) are constants to be determined, I0(xr) and K0(xr) are the ﬁrst and second modiﬁed Bessel
functions of order zero respectively, and I1(xr) and K1(xr) are the ﬁrst and second modiﬁed Bessel functions
of order one respectively. Using Eqs. (A7) and (A13)–(A15), one can obtain analytical solution of the displace-
ment ﬁeld from which both the stress ﬁeld and the strain ﬁeld can be determined.
F. Yang, W. Song / International Journal of Solids and Structures 43 (2006) 6767–6782 6777A.1. Reference stress state
Assume that the outer radius of the surface coating is r0 at equilibrium state if no perturbation is introduced
over the free-surface. Such a stress state is referred as to the reference stress state. The relation between the
displacement vector ~uð0Þ in the reference stress state and the Papkovich–Neuber W
!ð0Þ and /(0) is
~uð0Þ ¼ 2ð1 2mÞW!ð0Þ and /ð0Þ ¼ 0 ðA16Þwhere the superscript (0) represents the reference stress state in the surface coating without being subjected to
any surface-perturbation. Using Eqs. (A11) and (A12), one obtainsWð0Þr ¼ A0r þ B0
1
r
ðA17Þ
Wð0Þz ¼ A1z ðA18Þ
where Wð0Þr and W
ð0Þ
z are the components of the Papkovich–Neuber W
!ð0Þ in the r and z directions respectively,
A0, B0 and A1 are constants to be determined. Using the boundary conditions of Eqs. (A4)–(A6) and (A16)–
(A18), the displacement vector in the reference stress state is found asuð0Þr ¼ 
ke0r
2½lð1þ r1=r0Þ þ k þ
ke0
2½lð1þ r1=r0Þ þ k
r21
r
ðA19Þ
uð0Þz ¼ e0z ðA20Þ
It should be pointed out that one can assign the origin (z = 0) of the coordinate system in the reference stress
state to any point along the z-axis due to the uniform residual stress. However, for consistence with the ﬁrst-
order solution as discussed below, we assign the origin to one of the points at which r2 is minimum at t = 0
when subjected to a sinusoidal perturbation.
From Eqs. (A19) and (A20), the stress tensor describing the reference stress state in the surface coating isr
$ð0Þ ¼
rð0Þrr 0 0
0 rð0Þhh 0
0 0 rð0Þzz
0B@
1CA ðA21ÞHererð0Þzz ¼ 2e0l
ð1 mÞr21 þ ð1þ mÞr20
ð1 2mÞr21 þ r20
; rð0Þrr ¼
mr21ð1 r20=r2Þrð0Þzz
ð1þ mÞr20 þ ð1 mÞr21
and
rð0Þhh ¼
mr21ð1þ r20=r2Þrð0Þzz
ð1þ mÞr20 þ ð1 mÞr21
ðA22ÞAs shown in Eq. (A22), the uniform residual stress is proportional to the uniform strain on the interface as
expected from the theory of linear elasticity.
A.2. Stress state in the surface coating subjected to a sinusoidal perturbation on the surface
Let us introduce a sinusoidal perturbation Dr = daeixz with jdaj  r0 over the surface of the surface coat-
ing. Here, d is the amplitude of the perturbation, a is the relative amplitude of the perturbation, and x is the
spatial frequency. The morphology of the surface becomes r2 = r0 + dae
ixz. Using the linear perturbation the-
ory, the ﬁelds of the displacement, stress and strain in the surface coating can be expressed as~uðr; tÞ ¼~uð0Þ þ d~uð1Þðr; tÞ þOðd2Þ ðA23Þ
r
$ðr; tÞ ¼ r$ð0Þ þ dr$ð1Þðr; tÞ þOðd2Þ ðA24Þ
e
$ðr; tÞ ¼ e$ð0Þ þ d e$ð1Þðr; tÞ þOðd2Þ ðA25Þwhere ~uð1Þ, r
$ð1Þ and e
$ð1Þ are the ﬁrst-order approximation of the corresponding ﬁelds.
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rewritten as~uð1Þ ¼
uð1Þ
0
wð1Þ
0BB@
1CCA ¼
UðrÞ
0
W ðrÞ
0BB@
1CCAeixz ðA26Þwhere U(r) and W(r) represent the amplitude of the ﬁrst-order displacement ﬁeld, ~uð1Þ, in r and z directions,
respectively. Substitution of Eq. (A24) into the traction-free boundary condition of Eq. (A6) givesrð1Þrr ðr0; zÞ ¼ 0 ðA27Þ
rð1Þrz ðr0; zÞ ¼ ixarð0Þzz eixz ðA28Þwhere rð1Þij are the components of the ﬁrst-order approximation of stress tensor, r
$ð1Þ.
Using the functions, U(r) and W(r), and Eqs. (A27) and (A28), one obtainsð2lþ kÞU 0ðr0Þ þ kr0 ½Uðr0Þ þ ixW ðr0Þ ¼ 0 ðA29Þ
l½ixUðr0Þ þ W 0ðr0Þ ¼ ixarð0Þzz ðA30ÞThe boundary conditions of Eqs. (A4) and (A5) giveUðr1Þ ¼ 0 ðA31Þ
W ðr1Þ ¼ 0 ðA32ÞEqs. (A29)–(A32) are the boundary conditions for determining the solutions of U(r) and W(r). Following Eq.
(A7), one can write the displacement vector ~uð1Þ as~uð1Þ ¼ 4ð1 mÞW!ð1Þ  rð~x  W!ð1Þ þ /ð1ÞÞ ðA33Þ
where W
!ð1Þ and /(1) are the Papkovich–Neuber potentials corresponding to the ﬁrst-order solution of the dis-
placement vector and can be expressed asW
!ð1Þ ¼
wrðrÞ
0
wzðrÞ
0B@
1CAeixz and /ð1Þ ¼ /ðrÞeixz ðA34ÞUsing Eqs. (A13) and (A14), one obtains the solutions of / and wr as/ðrÞ ¼ c1I0ðxrÞ þ c2K0ðxrÞ ðA35Þ
wrðrÞ ¼ c3I1ðxrÞ þ c4K1ðxrÞ ðA36Þwhere ci (i = 1,2,3,4) are constants to be determined.
Because of the periodicity in the displacement ﬁeld along the z direction~uð1Þ ~z ¼ ½4ð1 mÞW!ð1Þ  rð~x  W!ð1Þ þ /ð1ÞÞ ~z ¼     wzðrÞeixz  ixzwzðrÞeixz þ    ðA37Þ
it requires wz(r) = 0. Using wr and /, the displacement vector, ~uð1Þ, can be expressed as~uð1Þ ¼
UðrÞ
0
W ðrÞ
0B@
1CAeixz ¼ ð3 4mÞwr  rw
0
r  /0
0
ixðrwr þ /Þ
0B@
1CAeixz ðA38Þ
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þ ½xrK0ðxrÞ þ 4ð1 mÞK1ðxrÞc4
W ðrÞ ¼ ix½I0ðxrÞc1 þ K0ðxrÞc2 þ rI1ðxrÞc3 þ rK1ðxrÞc4
Using Eqs. (A27)–(A30), one obtains xI1ðxr1Þc1 þ xK1ðxr1Þc2 þ ½xrI0ðxr1Þ þ 4ð1 mÞI1ðxr1Þc3
þ ½xrK0ðxr1Þ þ 4ð1 mÞK1ðxr1Þc4 ¼ 0 ðA39Þ
I0ðxr1Þc1 þ K0ðxr1Þc2 þ r1I1ðxr1Þc3 þ r1K1ðxr1Þc4 ¼ 0 ðA40Þ
½x2r0I0ðxr0Þ þ xI1ðxr0Þc1  ½x2r0K0ðxr0Þ þ xK1ðxr0Þc2 þ fð3 2mÞxr0I0ðxr0Þ
 ½4ð1 mÞ þ x2r20I1ðxr0Þgc3  fð3 2mÞxr0K0ðkr0Þ þ ½4ð1 mÞ þ k2r20K1ðkr0Þgc4 ¼ 0 ðA41Þ
xI1ðxr0Þc1  xK1ðxr0Þc2 þ ½xr0I0ðxr2Þ  2ð1 mÞI1ðxr0Þc3
 ½xr0K0ðxr0Þ þ 2ð1 mÞK1ðxr0Þc4 ¼  r
ð0Þ
zz a
2l
ðA42ÞThus the solutions of ci are,c1 ¼  r
ð0Þ
zz ar1
2lD
fx2r0r1K0ðxr0Þ þ xr1K1ðxr0Þ þ ð3 2mÞxr0½I0ðxr0ÞD32 þ K0ðxr0ÞD42
 ½4ð1 mÞ þ x2r20½I1ðxr0ÞD32  K1ðxr0ÞD42g ðA43Þ
c2 ¼ r
ð0Þ
zz ar1
2lD
fx2r0r1I0ðkr0Þ  xr1I1ðxr0Þ þ ð3 2mÞxr0½I0ðxr0ÞD31 þ K0ðxr0ÞD41
 ½4ð1 mÞ þ x2r20½I1ðxr0ÞD31  K1ðxr0ÞD41g ðA44Þ
c3 ¼  r
ð0Þ
zz a
2lD
fx2r0r1½I0ðxr0ÞD32  K0ðxr0ÞD31  xr1½I1ðxr0ÞD32 þ K1ðxr0ÞD31
þ ð3 2mÞxr0K0ðxr0Þ þ ½4ð1 mÞ þ x2r20K1ðxr0Þg ðA45Þ
c4 ¼ r
ð0Þ
zz a
2lD
fx2r0r1½I0ðxr0ÞD42  K0ðxr0ÞD41  xr1½I1ðxr0ÞD42 þ K1ðxr0ÞD41
 ð3 2mÞxr0I0ðxr0Þ þ ½4ð1 mÞ þ x2r20I1ðxr0Þg ðA46ÞwhereD ¼ 2ð1 mÞð3 2mÞ þ x2ðr21 þ r20Þ  2ð1 mÞxr1½I1ðxr0ÞK1ðxr0ÞðD31  D42Þ
þ x3r1r20f½I0ðxr0ÞK0ðxr0Þ þ I1ðxr0ÞK1ðxr0ÞðD31  D42Þ þ D32½I20ðxr0Þ  I21ðxr0Þ
 D41½K20ðxr0Þ  K21ðxr0Þg  K21ðxr0ÞD41 þ I21ðxr0ÞD32 ðA47Þ
D31 ¼ 4ð1 mÞI0ðxr1ÞK1ðxr1Þ þ xr1½I0ðxr1ÞK0ðxr1Þ þ I1ðxr1ÞK1ðxr1Þ ðA48Þ
D32 ¼ 4ð1 mÞK0ðxr1ÞK1ðxr1Þ þ xr1½K20ðxr1Þ  K21ðxr1Þ ðA49Þ
D41 ¼ 4ð1 mÞI0ðxr1ÞI1ðxr1Þ  xr1½I20ðxr1Þ  I21ðxr1Þ ðA50Þ
D42 ¼ 4ð1 mÞI1ðxr1ÞKoðxr1Þ  xr1½I0ðxr1ÞK0ðxr1Þ þ I1ðxr1ÞK1ðxr1Þ ðA51ÞUsing the solutions of ci, one can determine the components of the stress tensor up to the ﬁrst-order
approximation.
In the following, we limit our analysis to several special cases.
(a) Elastic rods (r1! 0)
For an elastic rod, let the inner radius of the surface coating shrink to zero. The constants, ci, become
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ð0Þ
zz a
2lDx
1þ 4ð1 mÞ cþ lnxr1
2
	 
h i
fð3 2mÞxr0I0ðxr0Þ  ½4ð1 mÞ þ x2r20I1ðxr0Þg ðA52Þ
c2 ¼  r
ð0Þ
zz a
2lDx
4ð1 mÞfð3 2mÞxr0I0ðxr0Þ  ½4ð1 mÞ þ x2r20I1ðxr0Þg ðA53Þ
c3 ¼ r
ð0Þ
zz a
2lD
ð1 2mÞxr0K0ðxr0Þ þ x2r20K1ðxr0Þ þ 1þ 4ð1 mÞ cþ ln
xr1
2
	 
h in
 ½xr0I0ðxr0Þ þ I1ðxr0Þ
o
ðA54Þ
c4 ¼ r
ð0Þ
zz a
2lD
fð3 2mÞxr0I0ðxr0Þ  ½4ð1 mÞ þ x2r20I1ðxr0Þg ðA55Þ
where cð¼ 0:5772Þ is the Euler constant. The parameter D becomes
D ¼ ½2ð1 mÞð3 2mÞ þ x2r20 þ 4ð1 mÞx2r20½I0ðxr0ÞK0ðxr0Þ þ I1ðxr0ÞK1ðxr0Þ
þ 1þ 4ð1 mÞ cþ lnxr1
2
	 
h i
x2r20½I20ðxr0Þ  I21ðxr0Þ þ 8ð1 mÞ2I1ðxr0ÞK1ðxr0Þ
 2ð1 mÞ 1þ 4ð1 mÞ cþ lnxr1
2
	 
h i
I21ðxr0Þ ðA56Þ
For r1! 0, there is
lim
r1!0
1þ 4ð1 mÞ cþ lnxr1
2
	 
h i
!1 ðA57Þ
The solutions of U(r0) and W(r0) can be simpliﬁed as
Uðr0Þ ¼ r
ð0Þ
zz a
2lD0
fx2r20½I20ðxr0Þ  I21ðxr0Þ  2ð1 mÞI0ðxr0ÞI1ðxr0Þg ðA58Þ
W ðr0Þ ¼ i r
ð0Þ
zz a
2lD0
½ð3 2mÞxr0I20ðxr0Þ  xr0I21ðxr0Þ  4ð1 mÞI0ðxr0ÞI1ðxr0Þ ðA59Þ
where
D0 ¼ x2r20½I20ðxr0Þ  I21ðxr0Þ  2ð1 mÞI21ðxr0Þ ðA60Þ
For xr0 1, there are
Uðr0Þ ¼ r
ð0Þ
zz am
lð1þ mÞ ðA61Þ
W ðr0Þ ¼ i r
ð0Þ
zz a
lð1þ mÞxr0 ðA62Þ
For xr0 1, consider only the ﬁrst term in the asymptotic expression. There are
lim
r1!0
rð0Þhh
Uðr0Þ
r0
¼ 0 ðA63Þ
W ðr0Þ   r
ð0Þ
zz a
2ixl
2ð1 mÞx2r0
xr0
¼  r
ð0Þ
zz að1 mÞ
il
ðA64Þ(b) Elastic thin ﬁlms (h0 = jr0  r1j  r1 and r1 ﬁxed)
For an elastic thin ﬁlm, there is r0 = r1 + h0. Considering the condition xh0! 0 and expanding the mod-
iﬁed Bessel function into a Taylor series, one obtains
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I1ðxr0Þ ¼ 1 h0r1
 
I1ðxr1Þ þ xh0I0ðxr1Þ þO½ðxh0Þ2 ðA66Þ
K0ðxr0Þ ¼ K0ðxr1Þ  xh0K1ðxr1Þ þO½ðxh0Þ2 ðA67Þ
K1ðxr0Þ ¼ 1 h0r1
 
K1ðxr1Þ  xh0K0ðxr1Þ þO½ðxh0Þ2 ðA68Þ
The solutions of U(r0) and W(r0) become
Uðr0Þ ¼ Oðx2h20Þ and W ðr0Þ ¼ ix
4rð0Þzz a
lD
ð1 mÞ2h0 ðA69Þ
where the parameter D is
D ¼ 4ð1 mÞ ð1 mÞ  1 2m
r1
h0
 
ðA70Þ(c) Planar layers (r1!1)
For an elastic planar layer, r1!1 and h0 = r0  r1, there arelim
r1!1
Uðr0Þ
r0
¼ 0 ðA71Þ
W ðr0Þ ¼ i r
ð0Þ
zz a
2l
½2ð1 mÞxh0  ð1 mÞð3 4mÞ sinhð2xh0Þ
4ð1 mÞ2 þ ðxh0Þ2 þ ð3 4mÞsinh2ðxh0Þ
ðA72Þ(d) Elastic half space (r0!1)
For an elastic half space, r0!1, there arelim
r0!1
rð0Þhh
Uðr0Þ
r0
¼ 0 ðA73Þ
Uðr0Þ ¼ ð1þ 2mÞD32r
ð0Þ
zz a
4plD
xr1e2xr0 ¼  r
ð0Þ
zz a
2l
ð1þ 2mÞ ðA74Þ
W ðr0Þ ¼ i r
ð0Þ
zz a
2lD
xð1 mÞD32r21
p
e2xr0
 
¼ i r
ð0Þ
zz að1 mÞ
l
ðA75ÞAppendix B
The coeﬃcients of c11, c12, c13 arec11 ¼ f½I20ðxr0Þ  I21ðxr0ÞD32  ½K20ðxr0Þ  K21ðxr0ÞD41
 ½I0ðxr0ÞK0ðxr0Þ þ I1ðxr0ÞK1ðxr0ÞðD31  D42Þgðrð0Þhh  rð0Þzz Þ ðB1Þ
c12 ¼ ½I0ðxr0ÞI1ðxr0ÞD32  I1ðxr0ÞK0ðxr0ÞD31  I0ðxr0ÞK1ðxr0ÞD42
þ K0ðxr0ÞK1ðxr0ÞD41ðrð0Þhh  2rð0Þzz Þ ðB2Þ
c13 ¼ ½I0ðxr0ÞK0ðxr0ÞD31 þ K20ðxr0ÞD41
 I0ðxr0ÞK0ðxr0ÞD42 I20ðxr0ÞD32rð0Þzz ðB3ÞReferences
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